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Abstract
Mills, Robbins, Rumsey 1986 “Self-
complementary totally symmetric plane partitions” J. Combin. Theory Ser.
$A42,277-292)$ totally symmetric self-complementary plane par-
titions (TSSCPP)
Pfaffain . constant term identity
“On refined
enumerations of totally symmetric self-complementary plane partitions I, II”
([11, 12])
1
[25] Mills, Robbins, Rumsey totally symmetric self-complementary
plte partitions alternating sign matrix 7
([25, Conjecture 1]) G.E. Andrews ([2])
(see o [31]). [34] D. Zeilberger
constant term identity 1 Alternating sign matrix
Pfaffian
Zeilberger constant term identity
plane partition partition Mac-
donald [23] plane partition
$\pi=(\pi_{ij})_{i,j\geq 1}$ ‘ $0$
$\sum_{:j>1}\pi_{ij}=n$
$|\pi|=n$ $\pi$ $n$ plane partition, $\pi$ weight $\text{ }’\overline{n}$
Plane partition $\pi=(\pi_{ij})_{1,j\geq 1}$ $0$ $\pi$ part $\pi$ $i$
$0$ $\lambda_{i}$ partition $\lambda=(\lambda_{1}, \lambda_{2}, \ldots)$ $\pi$ shape
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column-strict plane partition shape (6, 5, 4, 1) 4 , 6
weight 40
$\mathrm{P}^{3}$ $\mathbb{R}^{3}$ lattice points $\pi$ Ferrers graph $F(\pi)$
$k\leq\pi_{ij}$ lattice point $(i,j, k)\in \mathrm{P}^{3}$ $\mathrm{P}^{3}$
$F$ plane partition Ferrers graph
$x_{1}\leq x_{2},$ $y_{1}\leq y_{2},$ $z_{1}\leq z_{2}$ and $(x_{2}, y_{2}, z_{2})\in F\Rightarrow(x_{1}, y_{1}, z_{1})\in F$.
plane partition Ferrers graph – $F(\pi)$
$\pi$ $S_{3}$
$\mathrm{P}^{3}$
plte Partition totally symmetric $S_{3}$ 6
permutation Ferrers graph
$\mathrm{P}^{3}$ $r\cross s\cross t$ $X_{r,\epsilon,t}=[r]\cross[s]\cross[t]$
$\mathrm{r},$ $s,$ $t$
$x-r/2,$ $y-s/2,$ $z-t/2$ $X_{r,\epsilon,t}$ 8
Xr+,s+,t $X_{r,\epsilon,t}^{++-},$ $X_{r,s,t}^{+-+},$ $X_{r,s,t}^{+--},$ $X_{r,s,t}^{-++},$ $X_{r_{)}e}^{-+},\text{ }$ , $X_{r,\epsilon,t}^{--+},$ $X_{r,s,t}^{---}$ \langle $X_{r,\epsilon,t}^{-+-}=$
$[1, r/2]\cross[s/2+1, s]\cross[1, t/2]$ $X_{r,\epsilon,t}^{+}=X_{r,s,t}^{+++}UX_{r,s}^{++},\text{ }X_{r,s,t}^{+-+}\cup+X_{r,s,t}^{-++}$ ,
$X_{r,\epsilon,t}^{-}=X_{r,\epsilon,t}^{+--}$ $X_{r,s,t}^{-+-}\# X_{r,\epsilon,t}^{--+}WX_{\overline{\mathrm{r},\epsilon,t}}$ –
$(a, b, c)$ $r\cross s\cross t$ $X_{r,s,t}(a, b, c)=[a-r/2+1, a+r/2]\cross[b-s/2+1,$ $b+$
$s/2]\cross[c-t/2+1, c+t/2]$ $X_{r,\epsilon,t}^{\pm\pm\pm}(a, b, c)$
$X_{r,\epsilon,t}^{+-+}(a, b, c)=[a+1, a+r/2]\cross[b-s/2+1, b]\cross[c+1, c+t/2]$
$X_{\mathrm{r},\epsilon,t}^{\pm}(a, b, c)$
$\sigma_{r,\epsilon,t}$ : $(x, y, z)\mapsto(r+1-x, s+1-y, t+1-z)$ involution
complementation $r=s=t$ $a=b=c$ $X_{r,r,r}$
$X_{r}$ , X \pm $X_{r}^{\pm\pm\pm},$ $X_{r,r,r}^{\pm}$ $X_{r}^{\pm},$ $\sigma_{r}$ for $\sigma_{r,r,r}$
$X_{r}(a),$ $X_{r}^{\pm\pm\pm}(a),$ $X_{r}^{\pm}(a)$
$r,$ $s,$ $t>0$ Plane partition $\pi\subseteq X_{\mathrm{r},s,t}$ $(r, s, t)$-self-complementary
$p\in X_{\mathrm{r},\epsilon,t}$ $p\in\pi\Leftrightarrow\sigma_{\mathrm{r},s,t}(p)\not\in\pi$
$X_{2n}$ $(2n, 2n, 2n)- \mathrm{s}\mathrm{e}\mathrm{l}\mathrm{f}$-complementary totally symmetric
plane partition
Definition 1.1. size $n$ totally symmetric self-complementary plane
partition (TSSCPP) $m$ $n\geq 1$
(T) each $p\in\pi\cap X_{2m}(n)$ must be contained in $X_{2(n+m)}^{-}$ .
$\pi\in \mathcal{T}_{n+m}$ $\mathcal{T}_{n,m}$ $\pi\in \mathcal{T}_{n,m}$ $\pi\cap X_{2m}(n)$
(T) – $\pi\cap X_{2m}(n)=X_{2m}^{-}(n)$
$\mathcal{T}_{1,2}4$ Figure 1 Ferrers graph $\circ$
Definition 1.2. $m$ $n\geq 1$ $\mathcal{P}_{n,m}$
column-strict plane partitions $c=(c_{tj})_{1\leq i,j}$
(C1) $c$ $n$ ;
(C2) $c$ $j$ $n+m-j$
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$P_{n,m}$ restricted column-strict plan$e$ partition (RCSPP) $m=0$
$\mathcal{P}_{n,0}$ $P_{n}$ $c$ $j$ $n+m-j$ (i.e. $c_{1j}=$
$n+m-$ saturated part 2
$\text{ ^{}\prime}P_{n,m}$ P-,.. $c$
plane partition $P_{n,m}^{\mathrm{R}}$ $P_{n,m}^{\mathrm{C}}$
$c\in P_{n,m}$ $’.P_{n,0}^{\mathrm{R}}$ (resp. $1P_{n,0}^{\mathrm{C}}$ )
$P_{n}^{\mathrm{R}}$ (resp. $P_{n}^{\mathrm{C}}$ )
$P_{1,2}$ 4 plane partition
$\emptyset$ 2 2
1
4 RCSPP 2 saturated part




Definition 1.3. (cf. [18, Theorem 1]). $m$ $n\geq 1$
shifted plane partition $b=(b_{ij})_{1\leq i\leq j}$ $B_{n,m}$
(B1) $b$ shifted shape $(n+m-1, n+m-2, \ldots, 2,1)$ ;
(B2) $\max\{n-i, 0\}\leq b_{ij}\leq n$ for $1\leq i\leq j\leq n+m-1$ .
$m=0$ $\mathcal{B}_{n,0}$ $B_{n}$ $B_{n,m}$ trian-
gular shi ed plane partition (TSPP)
$n=1$ $m=2$ $B_{1,2}$ 4 :
$\ovalbox{\tt\small REJECT}_{0}^{1}$
Mills, Robbins, Rumsey [25, Theorem 1] $\mathcal{T}_{n}$ $B_{n}$
3 $\mathcal{T}_{n,m},$ $\mathcal{B}_{n,m},$ $\mathcal{P}_{n,m}$
Theorem 1.4. $m$ $n\geq 1$ $(a_{1j})\in \mathcal{T}_{n,m}$ $(a_{ij})$
$a_{i+1,j+1^{-}}(n+2m)(1\leq i\leq j\leq n+m-1)$ shifted plane partition
shifted plane partition $\mathcal{B}_{n,m}$
$\mathcal{T}_{n,m}$ $B_{n,m}$
Theorem 1.5. $m$ $n\geq 1$ $a=(a_{ij})\in \mathcal{T}_{n,m}$ Plane
partition $a$ $a_{i+n+m,j}-(n+m)-i+1(1\leq i,j\leq n+m)$
$0$ $P_{n,m}$ plte
partition $\mathcal{T}_{n,m}$ $\mathcal{P}_{n,m}$
$c=(c_{tj})_{1\leq:\leq n+m,1\leq j\leq n}\in P_{n,m}$ $k$ $\geq k$ part
plane partition $C\geq k$
$\theta_{i}(c_{\geq k})=\#\{l : c_{i,l}\geq k\}$ (1.1)
$C>k$ $i$ $c$ $i$ $\geq k$ part
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Corollary 1.6. $m$ $n\geq 1$ $c=(c_{ij})_{1\leq i\leq n+m,1\leq j\leq n}\in P_{n,m}$
Plane partition $c=(c_{ij})_{1\leq i\leq n+m,1\leq j\leq n}$ $b=(b_{ij})_{1\leq i\leq j\leq n+m-1}$
$n-b_{ij}=\theta_{n+m-j}(c_{\geq 1-i+j})$ (1.2)
$(i,j)$ $1\leq i\leq j\leq n+m-1$ $b\in B_{nm}$
RCSPP $c$ TSPP $b=\varphi_{n.m}(c)$ $\varphi_{n,m}$
2 Mills, Robbins, Rumsey
alternating sign matrix (cf. [4, 22,
24, 26, 27, 28, 33, 35]) $A_{n}$
$A_{n}= \prod_{i=0}^{n-1}\frac{(3i+1)!}{(n+i)!}$ . (21)
alternating sign matrix conjecture (cf. [4])
o Totally symmetric self-complementary plane partition [25,
pp.282, Conjecture 1] $A_{n}$ [31, $\mathrm{p}.\mathrm{p}.127$ , Theorem 8.3] [2]
(see also [1, 3]), [18] $n$
$1\leq r\leq n$ $A_{n}^{r}$
$A_{n}^{r}= \frac{(\begin{array}{l}n+r-2n-\mathrm{l}\end{array})(\begin{array}{l}2n-\gamma-1n-1\end{array})}{(\begin{array}{l}2n-2n-1\end{array})}A_{n-1}=\frac{(\begin{array}{l}n+r-2n-1\end{array})(\begin{array}{l}2n-\mathrm{l}-\mathrm{r}n-\mathrm{l}\end{array})}{(\begin{array}{l}3n-2n-\mathrm{l}\end{array})}A_{n}$. (22)
([20, 22, 26, 35]) $A_{n}(t)= \sum_{r-1}^{n}A_{n}^{r}t^{r-1}$
$A_{1}(t)=1,$ $A_{2}(t)=1+t,$ $A_{3}(t)=2+3t+2t^{2},$ $A_{4}(t)=^{-}7+14t+14.t^{2}+7t^{3}$
$n$ $A_{n}^{k,l}(1\leq k, l\leq n)$
$A_{n}^{k,1}=A_{n}^{1,k}=\{$
$0$ if $k=1$
$A_{n}^{k}=_{1}^{1}$ if $2\leq k\leq n$ (2.3)
$A_{n}^{k+1,l+1}-A_{n}^{k,l}= \frac{A_{n-1}^{k}(A_{n}^{l+1}-A_{n}^{l})+A_{n-1}^{l}(A_{n}^{k+1}-A_{n}^{k})}{A_{n}^{1}}$ (24)
$(1 \leq k, l\leq n-1)$ $A_{n}^{k.l}$
Stroganov [33, Section 5] alternating sign matrix
1 – $n=3,4$
$(A_{3}^{k,1})_{1\leq k,l\leq 3}=$
$/011$ $11101)1$ , $(A_{4}^{k,l})_{1\leq k,l\leq 4}=$
$A_{n}(t, u)$ $A_{n}(t, u)= \sum_{k,l=1}^{n}A_{n}^{k,l}t^{k-1}u^{n-l}$
$A_{3}(t, u)=1+t+u+tu+t^{2}u+tu^{2}+t^{2}u^{2}$ $\omega=e^{2i\pi/s}$ Di Francesco
Zinn-Justin




$s_{\lambda}^{(n)}(x_{1}, \ldots, x_{n})$ $n$ Schur function






$A_{2n}^{\mathrm{V}\mathrm{S}r} \dotplus_{1}=\frac{A_{2n-1}^{\mathrm{V}\mathrm{S}}}{(4n-2)!}\sum_{k=1}^{r}(-1)^{r+k}\frac{(2n+k-2)!(4n-k-1)!}{(k-1)!(2n-k)!}$ . (2.7)
$A_{2n+1}^{\mathrm{V}\mathrm{S}}$ $2n+1$ vertically symmetric
alternating sign matrix (see [22, 26, 28]) $A_{2n+1}^{\mathrm{V}\mathrm{S}}$
1, 3, 26, 646, 45885 $A_{2n+1}^{\mathrm{V}\mathrm{S}}(t)$
$A_{2n+1}^{\mathrm{V}\mathrm{S}}(t)= \sum_{r=1}^{2n}A_{2n}^{\mathrm{V}\mathrm{S}r}\dotplus_{1}t^{r-1}$ . (28)
(2.8) $A_{3}^{\mathrm{V}\mathrm{S}}(t)=1,$ $A_{5}^{\mathrm{V}\mathrm{S}}(t)=1+t+t^{2}$ ,
$A_{7}^{\mathrm{V}\mathrm{S}}(t)=3+6t+8t^{2}+6t^{3}+3t^{4},$ $A_{9}^{\mathrm{V}\mathrm{S}}(t)=26+78t+138t^{2}+162t^{3}+138t^{4}+78t^{5}+26t^{6}$
$b=(b_{ij})_{1\leq i\leq j\leq n+m-1}\in B_{n,m}$ $b_{i,n+m}=$
n-i $j$ $b_{0,j}=n$ $b=(b_{1j})_{1\leq i\leq j\leq n+m-1}\in B_{n,m}$
$r=1,$ $\ldots,n+m$ $U_{r}(b)$
$U_{r}(b)= \sum_{t=1}^{n+m-r}(b_{t,t+r-1}-b_{t,t+\mathrm{f}})+\sum=_{r+1}^{1}t=n+m\chi\{b_{t,n+m-1}>n-t\}n+m$. (2.9)
(b) $m=0$ $[25, \mathrm{p}\mathrm{p}.282]$ –
$0$ $n+m-1$
$\overline{U}_{r}(b)=n+m-1-Ur^{(b)}$ $\mathcal{P}n,m$ ,m
$\varphi n,m$ – $C\in p_{n,m}$ $Ur^{(\mathrm{C})=Ur^{(\varphi_{n,m}(c))}}$
$\overline{U}\mathrm{r}^{(C)=\overline{U}r^{(\varphi_{n,m^{(C))}}}}$
Theorem 2.1. $m$ $n\geq 1$ $\mathrm{c}\in P_{n,m}$ $\overline{U}_{r}(c)$
$c$ $r$ $r$ saturated part
$\overline{U}_{r}(c)=\#\{(i,$ $j)$ : j $=r\}+\#\{1\leq k<r$ : $\mathrm{c}_{1,n+m-k}=k\}$ . (2.10)
$\overline{U}_{1}(c)$ $c$ 1 $\overline{U}_{n+m}(c)$ $c$ saturated part
$\mathrm{M}\mathrm{i}\mathbb{I}\mathrm{s}$ , Robbins, Rumsey 2
$c\in \mathcal{P}_{n,m}$ $V^{\mathrm{R}}(c)$ $c$ $V^{\mathrm{C}}(c)$ $c$
$P_{3}$ 7
$\emptyset$ 1 1 1 2 2 1 2 2 1
1‘ 1
$\overline{U}_{k}(c)(k=1,2,3),$ $V^{\mathrm{R}}(c),$ $V^{\mathrm{C}}(c)$ Table 1
19
Table 1: The distribution statistics table in $\mathcal{P}_{3}$
Mills, Robbins, Rumsey
Conjecture 2.2. ([25, pp.282, Conjecture 2]) $n$ $1\leq k\leq n$
$1\leq r\leq n$ $B_{n}$ $b$ $U_{r}(b)=k-1$ $A_{n}^{k}$
$\sum_{b\in B_{n}}t^{U_{r}(b)}=A_{n}(t)$
Conjecture 2.3. ([25, pp.284, Conjecture 3], [33]) $n\geq 2$ $1\leq k,$ $l\leq n$
$B_{n}$ $b$ $U_{1}(b)=k-1$ $U_{2}(b)=n-l$
$A_{n}^{k,l}$
Size $n$ monotone triangle
$m_{n,n}$
$m_{n-1,n-1}$ $m_{n-1,n}$




(M4) $(m_{1,1}, m_{1,2}, \ldots, m_{1,n})$ $(1, 2, \ldots, n)$ o
$\mathcal{M}_{n}$ size $n$ monotone triangles $\mathcal{M}_{3}$ 7
1 2 1 2 3 23
12 12 13 13 1 3 2 32 3
1 2 3 1 2 3 1 2 3 1 2 3 1 2 3 1 2 31 2 3
$k=0,1,$ $\ldots,$ $n-1$ Monotone triangle $m=(m_{ij})$ $n-k$
$m_{ij}$ $j-i+1$ $\mathcal{M}_{n}^{k}$
$b=(b_{ij})\in B_{n}$ $n-1-k$ $b_{ij}$
$n$ $B_{n}^{k}$
Conjecture 2.4. ([25, pp.287, Conjecture 7]) $n\geq 2$ $k=0,1,$ $\ldots,$ $n-1$
$B_{n}^{k}$ $\mathcal{M}_{n}^{k}$
20
$k=0,$ $\ldots,$ $n+m-1$ $b=(b_{ij})_{1\leq i\leq j\leq n+m-1}\in \mathcal{B}_{n,m}$ $n+m-1-k$
$b_{ij}$ $n$ $B_{n,m}^{k}$




$\emptyset$ 1 1 2 2 1 2 2 1
1 1
$\mathcal{P}_{3}$ $0$ $\emptyset$ 1
5 2 7






Milk, Robbins, Rumsey [25]
Conjecture 2.6. $n\geq 1$ $1\leq r\leq n$
$\sum_{c\in P_{n}^{\mathrm{R}}}t^{\overline{U}_{\Gamma}(c)}=\{$
$A_{2m+1}^{\mathrm{V}\mathrm{S}}\cdot A_{2m+1}^{\mathrm{V}\mathrm{S}}(t)$ if $n=2m$,




$A_{2m+1}^{\mathrm{V}\mathrm{S}}\cdot A_{2m+3}^{\mathrm{V}\mathrm{S}}$ if $n=2m+1$ .
3 The generating functions
$n$ $n$ skew-
symmetric matrix $S_{n}=(s_{1j})_{1\leq i,j\leq n}$ $(i,j)$- $s_{ij}(1\leq i<j\leq n)$ 1
$n$ skew-symmetric matrix $\overline{S}_{n}=(\overline{s}_{ij})_{1\leq:,j\leq n}$ ( $i$ ,i)-
$\overline{s}_{ij}$ $(-1)^{j-i-1}(1\leq i<j\leq n)$ $O_{n}$ $n\mathrm{x}n$
$J_{n}=(\delta_{1,n+1-j})_{1\leq i,j<n}$ \mbox{\boldmath $\delta$}
$a$ $b$ $\mathrm{r}\mathrm{e}\mathrm{m}(a, b)$ $t$
$\text{ _{}0}n\cross n$ skew-symmetric matrices $R_{n}(t)=(r_{ij}(t))_{1\leq i,j<n},$ $C_{n}(t)=(c_{ij}(t))_{1\leq i,j\leq n}$ ,
$c_{\{\mathrm{j}}(t)=t^{j-i-1},\overline{r}_{ij}(t)=(-1)^{j-i-1}t^{j-i-1\frac{j}{\mathrm{q}}}\overline{R}_{n}(t)=(\overline{r}_{ij}(t))_{1\leq i,j\leq n},\overline{C}_{n}(t)=(\overline{\mathrm{q}}_{j}(t))_{1\leq i,\leq n},\text{ _{ }}j(t\text{ }r_{ij}(t)=t^{\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{X}i-\mathrm{l},2)+\mathrm{I}^{1}\mathrm{e}\Phi 2)}’)1t\mathrm{r}\mathrm{e}\alpha \mathrm{X}n+1-i,2)+\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{X}n-j,2)\#^{\vee}.$
’
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$1\leq i<j\leq n$ $R_{n}(0),$ $C_{n}(0)$ , (0), $\overline{C}_{n}(0)$ ,
, Cn’ , $\overline{C}_{n}$
$R_{4}(t)=(=_{1}^{\mathrm{o}_{1}}-t$ $-t^{2}-t01$ $-t^{2}\mathrm{o}_{1}t$ $01)t1$ and $C_{4}(t)=(_{-t^{2}}^{\mathrm{o}_{1}}=_{t}$ $=_{t}0_{1}1$ $-101t$ $t^{2}01)t$ .
$m,$ $n,$ $k$ $1.\leq m\leq n$ $0\leq k\leq n-m$
$\epsilon$ $L_{n}^{(m,k)}(\epsilon)=(l_{1j}^{(m,k\rangle}.(\epsilon))_{1\leq i,j\leq n}$ $n\cross n$ skew-symmetric matrix
($i$ ,j)-
$l_{ij}^{(m,k)}(\epsilon)=\{$
1 if $1\leq i<j\leq m+k$ ,
$\epsilon$ if $1\leq i<j\leq n$ and $m+k<j$ .




$(-1)^{j-i-1}\epsilon$ if $1\leq i<j\leq n\bm{\mathrm{t}}\mathrm{d}i\leq m+k$ ,
$(-1)^{j-i-1}$ if $m+k:.<’<j\leq n$ ,
$\overline{l}_{ij}^{(m,k)}(\epsilon)=\{$
$(-1)^{j-:-1}\epsilon$ if $1\leq i<j\leq m+k$ ,
$(-1)^{J^{-i-1}}$
’
if $1\leq i<j\leq n$ and $m+k<j$ .
$\overline{L}_{6}^{(2,1)}(\epsilon)=(_{1}^{\frac{0}{=1\epsilon}\epsilon}1$ $=_{1}^{\mathrm{o}_{1}}\epsilon_{\mathcal{E}}1$ $=^{\mathrm{o}_{1}}-\in\epsilon_{1}1$ $=_{0_{1}}^{1}111$ $=_{0_{1}}^{1}-111$ $=_{1}^{1}0111)$ , $\overline{L}_{6}^{(2,\mathit{2})}(\epsilon)=(=_{\epsilon}^{\epsilon}\frac{\epsilon}{\epsilon}\epsilon 0$ $=_{6}^{\epsilon}\epsilon 0\epsilon\epsilon$ $=_{\epsilon}^{\epsilon}-\epsilon 0\epsilon\epsilon$ $=_{\epsilon}^{\epsilon}0\epsilon\epsilon\epsilon$ $=_{0_{1}}^{\epsilon_{\mathcal{E}}}-\epsilon\epsilon$ $=_{1}^{\epsilon}\epsilon_{\mathcal{E}})\epsilon 0$





$n\mathrm{x}(n+N)$ $B_{n,m}^{N}(t, u)=(b_{ij}^{(m)}(t, u))_{0\leq:\leq n-1,0<\leq n+N-1}\lrcorner’$ ($i$ ,j)-
$b_{ij}^{(m)}(t, u)=\{$
$\delta_{0_{\dot{\theta}}}$ if $i+m=0$ ,
$+tu$ if $i+m=1$ ,$+(t+u)+tu$ otherwise. (3.2)
22
$B_{3,0}^{2}(t, u)=$
$n\cross(n+N)$ $B_{n,m}^{N}(t)=B_{n,m}^{N}(t, 1)$ $B_{n,m}^{N}=B_{n,m}^{N}(1)$





$i$ $0\leq i\leq n-1$ $j$ $0\leq j\leq n+N-1$
Conjecture 2.3 Pfaffian
Theorem 3.1. $m$ $n\geq 1$ $N$ $N\geq n+m-1$
(i) $r$ $2\leq\gamma\leq n+m$ $c\in \mathcal{P}_{n,m}$
$\sum_{\mathrm{c}\in \mathcal{P}_{n,m}}t^{\overline{U}_{1}(\mathrm{c})}u^{\overline{U}_{r}(\mathrm{c})}=\mathrm{P}\mathrm{f}$ ( $O_{n}$ $\sqrt nB_{\frac{n}{S’}}^{N}(mt,u)n+N$) (3.4)
(ii) $r$ $2\leq r\leq n+m$ $c\in P_{n,m}^{\mathrm{C}}$
$\sum_{\mathrm{c}\in P_{n,m}^{\mathrm{C}}}t^{\overline{U}_{1}(c)}u^{\overline{U},(\mathrm{c})}=$
Pf ( $O_{n}$ $\sqrt nB_{\frac{n}{R’}}^{N}(mt, u)n+N$) (3.5)
(iii) $r$ $1\leq r\leq n+m$ $c\in P_{n,m}$
$\sum_{c\in \mathcal{P}_{n,m}}t^{\overline{U}_{f}(c)}u^{V^{\mathrm{C}}(c)}=\mathrm{P}\mathrm{f}$ ( $O_{n}n$ $J_{\frac{n}{C}}B_{n,m}^{N}(t)n+N(u)$ ) $(3.6\rangle$
Corollary 3.2. $m$ $n\geq 1$ $r$ $s$ $2\leq r,$ $s\leq n$
$k$ $1\leq k\leq n$
$\sum_{\mathrm{c}\in P_{n,m}}t^{\sigma_{1(c)}}u^{\overline{U}_{f}(\mathrm{c})}=\sum_{c\in \mathcal{P}_{n,m+1}^{\mathrm{C}}}t^{\overline{U}_{1}(c)}u^{\overline{U}.(c)}=\sum_{\epsilon\in \mathcal{P}_{n,m}}t^{\overline{U}_{k}(\mathrm{c})}u^{V^{\mathrm{C}}(c)}$
CoroUary $3.1(\mathrm{i})$ $u=1$ (i) Conjecture 2.2
Pfaffian (iii) Conjecture 2.6 Pfaffian
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Theorem 3.3. $m$ $n\geq 1$ $N$ $N\geq n+m-1$
(i) $r$ $1\leq r\leq n+m$ $c\in’\rho_{n,m}$
$\sum_{c\in \mathcal{P}_{n,m}}t^{\overline{U}_{r}(c)}=\mathrm{P}\mathrm{f}$ ( $O_{n}$ $J_{n}B_{n,m}^{N}(t)\overline{s}_{n+N}$). (3.7)
(ii) $r$ $1\leq r\leq n+m$ $c\in \mathcal{P}_{n,m}^{\mathrm{C}}$
$\sum_{c\in P_{\mathfrak{n},m}^{\mathrm{C}}}t^{\overline{U}_{r}(c)}=$
Pf ( $O_{n}$ $J_{n}B_{n,m}^{N}(t)\overline{R}_{n+N}$). (3.8)
(iii) $r$ $1\leq r\leq n+m$ $c\in \mathcal{P}_{n,m}^{\mathrm{R}}$
$\sum_{c\in P_{n.m}^{\mathrm{R}}}t^{\overline{U}_{f}(c)}=$
Pf ( $O_{n}n$ $\sqrt n_{\overline{C}_{n+N}}B_{n,m}^{N}(t)$) . (3.9)
(iv) $c\in \mathcal{P}_{n,m}$
$\sum_{\mathrm{c}\in P_{n,m}}t^{V^{\mathrm{C}}(c)}=\mathrm{P}\mathrm{f}$
$(_{-^{t}B_{n,m}^{N}\text{ }}O_{n}$ $\overline{R}_{n+N}(t)J_{n}B_{n,m)}^{N}$ . (3.10)
(V) $c\in P_{n,m}$
$\sum_{\mathrm{c}\in P_{n,m}}t^{V^{\mathrm{R}}(c)}=$
Pf $(_{-^{t}B_{n,m^{\sqrt}n}^{N}}O_{n}$ $\overline{c}_{n+N}^{n}(t)\sqrt B_{n,m)}^{N}$ . (3.11)
(3.7), (3.8), (3.9)
Corollary 3.4. $m\geq 0$ $n\geq 1$ $r$ $s$ $1\leq r,$ $s\leq n$
$\sum_{\mathrm{c}\in P_{n,m}}t^{\overline{U}_{r}(c)}=\sum_{c\in P_{n,m+1}^{\mathrm{C}}}t^{\overline{U}.(c)}=\sum_{c\in P_{\mathfrak{n},m}}t^{V^{\mathrm{C}}(c)}$
.
$\#’P_{n,m}=$ nc,m+l
Theorem 3.5. $m$ $n\geq 1$ $N$ $N\geq n+m-1$
$r$ $1\leq r\leq n+m$ $c\in \mathcal{P}_{n,m}$




$\lim_{earrow 0}\epsilon^{-\mathrm{L}\frac{k}{2}\mathrm{J}}\mathrm{P}\mathrm{f}(_{-^{t}B_{n,m}^{N}J_{n}}O_{n}$ $\overline{L}_{n+N}^{(n,k\rangle}(\epsilon)J_{n}B_{n,m)}^{N}$ (3.13)
24
$\sum_{c\in P_{n,m}^{k}}t^{\overline{U}_{r}(c)}$
$n=3,$ $m=0,$ $k=1$ (3.12) Pfaffian
Pf $(-1=_{\mathrm{o}^{t}}^{\mathrm{o}_{1}}00000^{-t}$ $=00_{1}0000^{t}00$ $\frac{000}{00,0000}1$ $=_{1}^{\mathrm{o}_{1}}-\epsilon 00\epsilon 11\epsilon$ $\frac{0\epsilon 001}{=^{\xi}1}\epsilon 11$ $=_{1}^{\mathrm{o}_{1}}-\epsilon\epsilon 0t11\epsilon$ $1+t \frac{00\epsilon}{=1\epsilon 0}\epsilon 11$ $\frac{00t}{=}1\mathrm{o}_{1}1111$ $=_{1}^{1}-\mathrm{o}_{1}\mathrm{o}_{1}0\mathrm{o}_{1}1$ $=_{1}^{\mathrm{o}_{1}}-100_{1}011)$
$(t^{2}+2t+2)+(t^{2}+t)\epsilon$ $\epsilonarrow 0$ $t^{2}+2t+2$
\langle
4 Constant term identities
[34] D. Zeilberger $D$
$n\cross(2n+m-1)$ $X$ $n\cross n$
$X_{ij}=$ , $0\leq i\leq n-1$ , $0\leq j\leq 2n+m-2$ ,
$C$




$\sum_{\lambda}s_{\lambda}^{(n)}(x)=\prod_{:=1}^{n}\frac{1}{1-z_{i}}.\prod_{\leq i<j\leq n}\frac{1}{1-z_{i}z_{j}}$, (4.1)
$\sum_{\lambda \mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}s_{\lambda}^{(n)}(x)=\prod_{l=1}^{n}\frac{1}{1-z_{\dot{\iota}}^{2}}\prod_{1\leq i<j\leq n}\frac{1}{1-z_{1}z_{j}}$ , (4.2)
$\sum_{\lambda’\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}}s_{\lambda}^{(n\rangle}(x)=.\prod_{1\leq 1<j\leq n}\frac{1}{1-z_{i^{Z}j}}$, (4.3)
$s_{\lambda}^{(n)}(x)$
$n$ $x=(x_{1}, \ldots, x_{n})$ partition $\lambda$ Schur fiiction
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([23, $\mathrm{I},$ $5$ , Ex.4, 5]) –
$\sum_{\lambda}t^{r(\lambda)}s_{\lambda}^{(n)}(x)=\prod_{i=1}^{n}\frac{1+tz_{i}}{1-z_{i}^{2}}\prod_{1\leq i<j\leq n}\frac{1}{1-z_{i}z_{j}}$ , (4.4)
$\sum_{\lambda}t^{\mathrm{c}(\lambda)}s_{\lambda}^{(n)}(x)=\prod_{i=1}^{n}\frac{1}{1-tz_{i}}$
$\prod_{1\leq;<j\leq n}\frac{1}{1-z_{l}z_{j}}$ , (4.5)
(see [23, $\mathrm{I},$ $5$ , Ex.7, 8]) I.G. Macdonald
$\lambda_{1}\leq k\sum_{\lambda}s_{\lambda}^{(n)}(x)=\frac{\det(z_{i}^{j-1}-z_{i}^{k+2n-j})_{1\leq l,j\leq n}}{\prod_{i=1}^{n}(1-z_{i})\prod_{1\leq i<j\leq n}(z_{j}-z_{i})(1-z_{1}z_{j})}$, (4.6)
([23, $\mathrm{I},$ $5$ , Ex.16])




$(1+z)^{m+2-1}(1+tuz)$ if $m+i=1$ ,
$(1+z)^{m+:-2}(1+tz)(1+uz)$ otherwise.
(4.7)
$h_{i}^{(m)}(z, t, 1)$ $h_{\dot{\iota}}^{(m)}(z, t)$ $\text{ _{ }}h_{1}^{(m)}.(z)=h_{;}^{(m)}(z, 1)=(1+$
$z)^{m+:}$ doubly refined enumeration
Theorem 4.1. $m$ n\geq l.
(i) $r$ $2\leq r\leq n+m$ $\sum_{c\in P_{n,m}}t^{\overline{U}_{1}(c)}u^{\overline{U}_{r}(c)}$
$\mathrm{C}\mathrm{T}_{z}\prod_{1\leq i<j\leq n}(1-\frac{z_{j}}{z_{i}})\prod_{k=1}^{n}h_{n-k}^{(m)}(z_{k}^{-1}, t, u)\prod_{i=1}^{n}\frac{1}{1-z_{i}}\prod_{1\leq i<j\leq n}\frac{1}{1-z_{i}z_{j}}$ (4.8)
(ii) $r$ $2\leq r\leq n+m$ $\sum_{\mathrm{c}\in P_{n,m}^{\mathrm{c}t^{\overline{U}_{1}(c\rangle}}}u^{\overline{U}_{f}(c)}$
$\mathrm{C}\mathrm{T}_{z}.\prod_{1\leq 1<j\leq n}(1-\frac{z_{j}}{z_{i}})\prod_{k=1}^{n}h_{n-k}^{(m)}(z_{k}^{-1}, t, u)\prod_{:=1}^{n}\frac{1}{1-z_{i}^{2}}.\prod_{1\leq*<j\leq n}\frac{1}{1-z_{i}z_{\mathrm{j}}}$ (4.9)
(iii) $r$ $1\leq r\leq n+m$ $\sum_{c\in P},.,t^{\overline{U}_{1}(c)}u^{V^{\mathrm{C}}(c)}m$
$\mathrm{C}\mathrm{T}_{z}\prod_{1\leq:<j\leq n}(1-\frac{z_{j}}{z_{i}})\prod_{k=1}^{n}h_{n-k}^{(m\rangle}(z_{k}^{-1}, t)\prod_{2=1}^{n}\frac{1}{1-uz_{1}}.\prod_{1\leq 1<j\leq n}\frac{1}{1-z_{i}z_{j}}$ (4.10)
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refined enumeration constant term identity
Theorem 4.2. $m$ $n\geq 1$
(i) $r$ $1\leq r\leq n+m$ $\sum_{c\in P_{n,m}}t^{\overline{U}_{r}(c)}$
$\mathrm{C}\mathrm{T}_{z}\prod_{1\leq i<j\leq n}(1-\frac{z_{j}}{z_{i}})\prod_{k=1}^{n}h_{n-k}^{(m)}(z_{k}^{-1}, t)\prod_{i=1}^{n}\frac{1}{1-z_{i}}\prod_{1\leq i<j\leq n}\frac{1}{1-z_{i}z_{j}}$ (4.11)
(ii) $r$ $1\leq r\leq n+m\text{ }’ \text{ }$ $\sum_{\mathrm{c}\in P_{n,m}^{\mathrm{C}}}t^{\overline{U}_{f}(\epsilon)}$
$\mathrm{C}\mathrm{T}_{z}\prod_{1\leq\dot{2}<j\leq n}(1-\frac{z_{j}}{z_{i}})\prod_{k=1}^{n}h_{n-k}^{(m)}(z_{k}^{-1}, t)\prod_{i=1}^{n}\frac{1}{1-z_{i}^{2}}\prod_{1\leq:<j\leq n}\frac{1}{1-z_{\iota’}z_{j}}$ (4.12)
(i\"u) $r$ $1\leq r\leq n+m$ $\sum_{\mathrm{c}\in P_{n,m}^{\mathrm{R}}}t^{\overline{U}_{r}(c)}$
$\mathrm{C}\mathrm{T}_{z}\prod_{1\leq i<j\leq n}(1-\frac{z_{j}}{z_{i}})\prod_{k=1}^{n}h_{n-k}^{(m)}(z_{k}^{-1}, t)\prod_{1\leq t<j\leq n}\frac{1}{1-z_{i}z_{j}}$ (4.13)
$t=1$ $\#\mathcal{P}_{n,m}^{\mathrm{R}}$
$\mathrm{C}\mathrm{T}_{z}\prod_{1\leq i<j\leq n}(1-\frac{z_{j}}{z_{1}})\prod_{k=1}^{n}(1+\frac{1}{z_{k}})^{n+m-k}\prod_{i=1}^{n}\frac{1}{1-z_{1}^{\mathit{2}}}.\prod_{1\leq:<j\leq n}\frac{1}{1-z_{i}z_{j}}$ . $(4.14)$
(iv) $\sum_{c\in \mathcal{P}_{n,m}}t^{V^{\mathrm{C}}(\mathrm{c})}$
$\mathrm{C}\mathrm{T}_{z}\prod_{1\leq i<j\leq n}(1-\frac{z_{j}}{z_{i}})\prod_{k=1}^{n}(1+\frac{1}{z_{k}})^{n+m-k}\prod_{:=1}^{n}\frac{1}{1-tz_{\mathfrak{i}}}\prod_{1\leq i<j\leq n}\frac{1}{1-z_{1}z_{j}}$ (4.15)
(v) $\sum_{c\in P_{n,m}}t^{V^{\mathrm{R}}(c)}$
$\mathrm{C}\mathrm{T}_{z}\prod_{1\leq i<j\leq n}(1-\frac{z_{j}}{z_{1}})\prod_{k=1}^{n}(1+\frac{1}{z_{k}})^{n+m-k}\prod_{:=1}^{n}\frac{1+tz_{i}}{1-z_{i}^{2}}\prod_{1\leq i<j\leq n}\frac{1}{1-z_{i}z_{j}}(4.16)$
Conjecture 2.4 constant term identity
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Corollary 4.3. $m$ $n\geq 1$ $r$ $1\leq r\leq n+m$
$\sum_{c\in P_{n,m}^{k}}t^{\overline{U}_{r}(c)}$
$\mathrm{C}\mathrm{T}_{z}\prod_{1\leq i<j\leq n}(1-\frac{z_{j}}{z_{i}})\prod_{i=1}^{n}h_{n-i}^{(m)}(z_{i}^{-1}, t)\frac{\det(\dot{d}_{i}^{-1}-z_{i}^{k+2n-j})_{1\leq i,j\leq n}}{\prod_{i=1}^{n}(1-z_{i})\prod_{1\leq i<j\leq n}(z_{j}-z_{i})(1-z_{i}z_{j})}$ .
(4.17)
$t=1$ $\mathcal{P}_{n,m}^{k}$
$\mathrm{C}\mathrm{T}_{z}\prod_{1\leq i<j\leq n}(1-\frac{z_{j}}{z_{i}})\prod_{i=1}^{n}(1+\frac{1}{z_{1}})^{n+m-k}\frac{\det(\dot{d}_{i}^{-1}-z_{i}^{k+\mathit{2}n-j})_{1\leq:,j\leq n}}{\prod_{i=1}^{n}(1-z_{i})\prod_{1\leq i<j\leq n}(z_{j}-z_{i})(1-z_{2}z_{j})}$ .
(4.18)
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Figure 1: TSSCPP $(n=1., m=2)$
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